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ABSTRACT. Let X be a projective arithmetic variety and L a continuous hermitian in- 
vertible sheaf on X. In this paper, we would like to consider a mild and appropriate condi- 
tion to guarantee that H°(X, nL) has a free basis consisting of strictly small sections for 
n > 1. 



Introduction 

Let X be a d-dimensional projective arithmetic variety and L an invertible sheaf on X. 
We fix a continuous hermitian metric | • | of L. In Arakelov geometry, we frequently ask 
whether H°(X,L) has a free basis consisting of strictly small sections, that is, sections 
whose supremum norm are less than 1. However, we know few about this problem in 
general. For example, Zhang [7| proves that H°(X, nL) possesses a free basis as above 
for n 1 if the following conditions are satisfied: 

(1) Xq is regular, Lq is ample and L is nef on every fiber of X — > Spec(Z). 

(2) The metric • | is C°° and the first Chern form ci(L,\ ■ |) is semipositive. 

(3) For some positive integer uq, there are strictly small sections s%, . . . , si of uqL 
such that {x e Xq\ s 1 (x) =■■■ = st(x) = 0} = 0. 

From viewpoint of birational geometry, the ampleness of Lq is rather strong. Through 
Example 13.61 and Example 13.71 the base point freeness is not a necessarily condition, but 
we can realize that the condition (3) is substantially crucial to find a basis consisting of 
strictly small sections. In this paper, we would like to consider the problem under the mild 
and appropriate assumption (3) (cf. Corollary |B||. 

Let R be a graded subring of (B^L H°(X, nL) over Z. For each n, we assign a norm 
||-|| n to R n ®% R in such a way that 

\\s-s'\\ n+n , < HU-IKHn' 

holds for all s <E R n ®z K and s' G R n > ®z K- Then 

oo 

(R, 11-11) = 0CR»,IHU 

71=0 

is called a normed graded subring ofL. An important point is that each norm [[-|| does not 
necessarily arise from the metric of L, so that we can obtain several advantages to proceed 
with arguments. The following theorem is one of the main results of this paper. 

Theorem A. If R ®z Q is noetherian and there are homogeneous elements s\, . . . , si £ R 
of positive degree such that {x £ Xq \ s\(x) = • • ■ — s\{x) — 0} = 0, then there is a 
positive constant B such that 

Az(i4,|HU< BnV+^-W ( m ax{|| Sl || 1 /dcg(, 1 ) ; ... i || Si ||i/dc g( „)}y i 
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for all n > 1, where Az(i?„, ||-||„) is the infimum of the set of real numbers A such that 
there is a free 1-basis x\, . . . ,x r of R n with max{||xi||„, . . . , ||av||n} < A. 

This is a consequence of the technical result Theorem |3.1| which also yields variants of 
arithmetic Nakai-Moishezon's criterion (cf. Theorem |4.1| and Theorem |4.2| ). As a corollary 
of the above theorem, we have the following: 

Corollary B. Let Lbe a continuous hermitian invertible sheaf on X. If the above condition 
(3) is satisfied, in other words, 

{{s G H°(X, n L) | ||s|| sup < 1}) Z ® z Ox -> n L 

is surjective on Xqfor some positive integer n , then H°(X, nL) has a free Zi-basis con- 
sisting of strictly small sections for n > 1. 

1. NORMED Z-MODULE 

Let (V, ||-||) be a normed finite dimensional vector space over R, that is, V is a finite 
dimensional vector space over M and ||-|| is a norm of V. Let a : W — » V be an injective 
homomorphism of finite dimensional vector spaces over R. If we set = ||a(w)|| 

for w € VK, then ||-|| w ^y gives rise to a norm of W. This is called the subnorm of 
T'K induced by W ^ V and the norm ||-|| of V. Next let (3 : V — ► T be a surjective 
homomorphism of finite dimensional vector spaces over R. The quotient norm \\ ■ \\ V ^ T of 
T induced by V -» T and the norm || ■ || of V is given by 

\\t\\ v ^ T = w£{\\v\\\(}(v) = t} 

for t G T. Let (£/, ||-||) be another normed finite dimensional vector space over R, and let 
4> : V — > U be a homomorphism over R. The norm \\<j)\\ of </> is defined to be 

W=sup{||0(r;)|||«6V; H = 1}. 
First let us see the following lemma. 

Lemma 1.1. Let (V, ||-||) be a normed finite dimensional vector space over R. Let T C 
U C W C V be vector subspaces ofV. Then 

(\\Mw->v)w^>w/u = ((\\-\\v^>v/t)w/t^v/t)w/t-»w/u 

holds on W/U. 

Proof. Let us consider the following commutative diagram: 

W c 

w/u< — ^ v/u. 

Then, by J3] (2) in Lemma 3.4], we have 

{\\-\\w^v)w^w/u = {\\-\\v^v/u)w/u^v/u ■ 
Moreover, considering the following commutative diagram: 

W/T^ *- V/T 



w/u<- — v/u, 
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if we set ||-||' = |H|y_»v7T' men 

(\\'\\v/t^v/u)w/u^>v/u = (\\'\\w/t^->v/t)w/t-»w/u- 

Thus the lemma follows because II 'Hy^y^ = |HIv/t-»V/(7 ^ GJ (1) m Lemma 3.4]. ■ 

Let M be a finitely generated Z-module and ||-|| a norm of Mr := M ®z R- A 
pair (M, ||-||) is called a normed Z-module. For a normed Z-module (M, ||-||), we define 
and A Z (M, ||-||) to be 

there are e\, . . . , e n € M such that e\, . . . , e„ 
form a basis over O and He, II < A for all i 



X Q (M,\\-\\) :=inf<(Ae 
and 

A Z (M,||-||) :=inf i Ae 



there are e\, . . . , e n € M such that e\, . . . , e„ form 
a free Z-basis of M/M tor and ||ej|| < A for all i 

Note that if M is a torsion module, then Aq(M, ||-||) = A Z (M, |j-||) = 0. 
Lemma 1.2. Aq(M, ||-||) < A Z (M, ||-||) < rk(M)A Q (M, ||-||). 

Proof. See [6, Lemma 1.7 and its consequence]. ■ 

Lemma 1.3. Let (Mi, ||-||i) and (M2, ||-|| 2 ) be normed Z-modules, and let <j> : Mi — » 
A/2 fee fl homomorphism such that cj> yields an isomorphism over Q. TTien we /zave f/ze 
following: 

(1) A Q (M 2 j-y < ma q (Mi j.y. 

(2) Further we assume that cj> is surjective and that (f> induces an isometry 

((M 1 ) E) ||.|| 1 )^((M 2 ) ffi ,|H| 2 ). 

Then\ Q (M 2 ,\\-\\ 2 ) = \ q (M 1 ,\\-\\ 1 ). 

Proof. (1) Let e\, . . . , e„ € Mi such that ei, . . . , e„ form a basis of Mi over Q and 

max{||ei||i, . . . , ||e„||i} = Aq(Mi, || - 1 1 1 ) - 

Then <fi(ei), . . . , (j>(e n ) form a basis of M 2 over Q and 

11^)112 < ||0|||N|i < ||^||A Q (Mi,|H|i) 

for all i. Thus we have the assertion. 

(2) First of all, by (1), A Q (M 2 , ||-|| 2 ) < Aq(Mi, \\-WJ. Let yx, . . . , y n e M 2 such that 
yx , . . . , y n form a basis of M 2 over Q and 

max{||j/i|| 2 , . . . , \\ynh} = Aq(M 2 , ||-|| 2 ). 

For each i, we choose Xi S Mi with 4>(xi) = yi. Then ||iCi||i = \\yi\\2 for all i. Thus 
Aq(Mi, [[-HO < A Q (M 2l ||.|| 2 ). ■ 

Proposition 1.4. Let (Mi, ||-|L), . . . , (M n , ||-|L) be normed 'L-modules. For each i with 
2 < i < n, let cti : Mi—x — > Mj be a homomorphism such that ai gives rise to an injective 
homomorphism over Q. We set 

4>i — u n o • • • o a l+ i : Mi — > M„ 

/or i = i, . . . , n — 1, ara/ 

fCoker(o! 2 : M;_ x -> M t ) ifi>2, 
\Mi */i = l 



Q 4 
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for i = 1, . . . , n. Then we have 

n-l 

< Aq(Q„, ||-|| n M „^Q„ 



m II Wnl 



Proof. The proof of this proposition can be found in |6l Lemma 5.1]. For reader's conve- 
nience, we reprove it here. 

Let ll'lli = ll'lln (a/ ) Pc ^(m ) B , that is, the sub-norm induced by the injective homomor- 
phism cf>i : (M^k — > (M„)i and the norm ||-|| of (M„)r. First let us see the following 
claim. 

Claim 1.4.1. Xq(Q t ,\\t,M^Qj ^ ll&IIWo IMIi.M^Q,)- 
By the definition of Wfc ||, for x G (Mi) R , 

WxWMW > \Mx)\\ = iixii',. 

Thus, for y G (Qi) R , 

llylkA/^QJI^II > hW'iM^Qi' 

which shows the inequality of the claim. □ 

By Claim [TATl (2) in Lemma fOl and replacing Mi with <fii(Mi), we may assume that 
cti : Mj_a M 4 is an inclusion map and ||-||, i = \\-\\ nM ^ Mn - 

Claim 1.4.2. The assertion holds in the case n = 2, that is, 

Aq(M 2 , ||.|| 2 ) < Aq(Q 2 , l|-H 2 ,Af 2 ^Q 2 ) + Aq(Mi, H-yrkMx. 

Let ei, . . . , e s G Mi and / 1( . . . , f t G Q 2 such that ei, . . . , e s and fi,...,ft form 
bases of Mi and Q 2 over Q respectively, and that 

f Aq(Mi, II - 1 1 1 ) = max{||ei||i, . . . , ||e s ||i}, 

\Aq(Q 2 , |HI 2) m 2 -»q 2 ) = max{||/i|| 2 ,A/ 2 ^Q 2 ,- ■■, ||/t||2,Af 2 -»Q 2 }- 

Let us choose /j G M 2 and f! G (M 2 ) R such that /j = /j on Q 2 , f" = fj on (Q 2 )r and 
that ||/j'|| 2 = ||/j||2,M a -»Q a . Since /j ® 1 - fV G (Ml) r , there are G K such that 

i 

We set g 3 = /j — £\ |_OjjJej. Then ei, . . . , e s ,g%, . . . , gt G M 2 form a basis of M 2 over 
Q. Moreover, as 

9j ® 1 = /" + ^(a ri - Loj*J)(ei ® 1), 

i 

we have 

HSilla < A Q (Q 2 ,|M| 2 M2 _ Q2 ) + AQ(M 1 ,||-|| 1 )rkM 1 , 
which implies the claim. □ 
We assume n > 3. We set M f ^ — Mi/Mi for i — 2, . . . , n and the norm ||*||.^ of AI^ is 
given by 1 1 - 1|< = ||-|| i>Afi ^Mf- Note that 

IMl't = (\\'\\n,M n -»M>) M l^ M L 
by (3] (2) in Lemma 3.4]. Applying the induction hypothesis to 

m,w^---^(M> n ,\\.\\' n ), 
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we obtain 

a q (m;, \\-\o < A Q (Q n , ihL m ,^ q j + £ W*. IMIU'-q,) rk( ?- 

i=2 

Using Lemma fTTl in the case where 

Mi C Mi_i C Mi C M„, 
we have ||-||^ m >_»q. — 1 1 - 1 1 ^ m .^q.- Therefore, the above inequality means 

71-1 

(1.4.3) a q (m;, ihi'j < \q(Q n , ||-L, Mn ^ Q J + Yl W» W-kM^ Qi )^Qi- 

On the other hand, applying Claim [T~4~2l to the case where (Mi, ||-||i) (M„, ||-|| n ), we 
can see 

(1.4.4) A Q (M„, IHIJ < Aq(m;, IHQ + A Q (Mi, ||-]]i)rkMi, 

so that we obtain the assertion combing ( 11.4.3b with ( 1 1.4.41 1. ■ 

2. NORMED GRADED RING 

Let k be a commutative ring with unity and R = ®^L R n a graded ring over k. Let 
M be a i?-module and h a positive integer. We say M is a h-graded R-module if M has a 
decomposition M = ©^L.^ M„ as fc-modules and 

x G R n , me M n , => x ■ m 6 M hn+n > 

holds for all n € Z>o and n' £ Z. For example, if we set RS h > = ®^L R n h, then i? is 
a /i-graded i?^ 1 ) -module. Form now on, we assume that k = Z and i?„ (resp. M„) is a 
finitely generated Z-module for all n G Z>o (resp. rt G Z). Let K be either Q or R. We 
set R K = R ®z K and M K = M ® z K. Then 

oo oo 

^K = 0(i?„) K and M K = (M„) K , 

n— n— — oo 

where (i? n )K — ^ and (M n )x = -A^n ®z Note that is a graded ring over K 

and Mk is a fr-graded i?j£-module. We say 

oo 

(R, 11-11) = 0(^,ll-U 

n=0 

is a normed graded ring over Z if 

(1) ||-|| is a norm of (i? n )H for each n G Z>o, and 

(2) ||s-s'||„ +n < < ||s||„||s'|| n ' holds for alls G (R n )wt and s' G (-R„')r. 
Similarly, 

oo 

(^II-IIm)= (^UHUJ 

71= — OO 

is called a normed h-graded [R 1 \\-\\)-module if 

(1) ' II'IIm is a norm of (M„)r for each n G Z, and 

(2) ' \\s ■ m\\ Mhn+n , < ||s||„||m|| Mrl , holds for all s G (i?„)M and to G (M„/) R . 
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Proposition 2.1. Let I be a homogeneous ideal of R and B! = R/I. Let f : M — > Q be 

a surjective homomorphism of h- grade d R-modules of degree 0, that is, /(M„) — Q n far 
all n eZ. We set 

oo oo 

(R', INI') =©«,||-0 and (Q,H Q )= © (Q»,IHI Q J, 

n— n— — oo 

^<? re ll-lll = ||-||„, fln -»^ and\\-\\ Qn = ||-|| Mn)Mn _ >Qn . Then we have the following: 

( 1 ) (R' , 1 1 • || ) is a normed graded ring over Z. 

(2) If I ■ Q — 0, then (Q, \\-\\q) is naturally a normed h-graded (R' , \\-\\ ) -module. 
Proof. (1) We need to see that 

\W ■y'\\'n + n><\W\\'n\W\L 

for all x' G (R' n )w and y' G {R' n ,)-R. Indeed, we choose x G {R n )wL and y G (R n ')R such 
that the classes of x and y in R' R are a/ and y' respectively and that ||a:|| n = \\x'\\' n and 
||y||„ = ||y'||^/. Then, as the class of x ■ y in R' n is x' ■ y', 

Wx'-y'L+n* < \\x-v\\ n+n > < \\x\\n\\y\\ n > = \\A' n \W\\' n >- 

(2) It is sufficient to show that 

ll^-9ll<J hB+B , <n^n;ii9iio Bf 

for all x' G (R' n )m. and q G (Q n ')m, which can be checked in the same way as in (1). ■ 
Next let us observe the following lemma: 

Lemma 2.2. We assume the following: 

(1) Mq is a finitely generated Rq-module, and M n = {0}for n < 0. 

(2) There are A, e, v G K>o such that Xq(R n , ||-|| n ) < An e v n for all n > 1. 

Then there is A' G M>o such that Aq(M„, ||-|| m ) < A'n e v n l h foralln> 1. 

Proof. For n > 1, we choose s n) i, . . . , s„ jT .„ G i?„ such that s n) i, . . . , s„ )f . n form a basis 
of (R n )<Q and ||s nj ||„ < An e v n holds for all j — 1, . . . ,r n . Let mi, . . . , m; be homo- 
geneous elements of Mq such that Mq is generated by mi, ... ,m; as a i?Q-module. Let 
en be the degree of m^. Clearly we may assume that m t G M 0i by replacing rrii with bmj 
(6 G Z>o). If n > max{ai, . . . , a;}, then (M„)q is generated by elements of the form 
Sijrrik with ih + = n and i > 1. We set 



£? = max 



fc=i,...,i I /i e 
Note that Sijrrik G M„ and 

||Si,jTO fe ||M„ < IK.jlMl m fc||M afc < ^ e w l ||m fe || Mafc 

= i4 ^«^Ofcy i; (n-a fc )/fc|| TOfc || Mofc < 

which means that Aq(M„, ||-|| M ) < ABn e v n l h holds for all n > max{ai, . . . , a/}, as 
required. ■ 

As a consequence, we have the following proposition. 
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Proposition 2.3. Let I, J and K be homogeneous ideals of R such that J C K and 
I ■ K C J. We set R! = R/I as before and Q = K/J. Let \\-\\ K = \\-\\ n K ^ R and 
W'Wq = ll'llif k • V Rt Q * s noetherian and there are A, e, v € M>o such that 

for all n > 1, then there is A' S R>o such that 

Xq(Qn,\\-\\ Q J<A'n e v n 

for all n > 1. 

Proof. Obviously, (K, \\-\\ K ) = ®^Lo(^«' ll'lljr ) is a nonned 1-graded (iZ, ||-||)-module. 
Thus, by Proposition 12.11 (Q,||-||q) = ®^Lo(Qn, W'Wq ) is a l so a normed 1-graded 
(R, || -ID-module. As I ■ Q = 0, by Proposition ^. 1 l again, (Q, \\-\\q) is a normed 1-graded 
(R', || -ID-module. Since Rq is noetherian and Kq is an ideal of Rq, Kq is finitely gen- 
erated as a i?Q-module. Thus Qq, is also finitely generated as a i?Q-module. Hence the 
assertion follows from Lemma l2~2l ■ 



Finally note the following lemma, which will be used later. 

Lemma 2.4. Let R — @^1 R n be a graded ring and h a positive integer. If R is 
noetherian, then Ry 1 * is also noetherian and R is a finitely generated R^ -module. 

Proof. See [ 1 , Chap. Ill, § 1, n° 3, Proposition 2 and its proof]. ■ 

3. Estimation of Aq for a normed graded ring 

Let X be a d-dimensional projective arithmetic variety, that is, X is a d-dimensional 
projective and flat integral scheme over Z, and let L be an invertible sheaf on X. Let 
R be a graded subring of ®^L H a {X, nL) over Z. Such a graded ring R is called a 
graded subring of L. For each n, we assign a norm ||-|| to (-Rn)jR such that (R, ||-||) = 
0^=0 ( R ri, II • || J is a normed graded ring over Z. 

For an ideal sheaf X of X, we set 

' I n {R;T) = H Q {X,nL®T)r\Rn, 
7(i?;J)=0^ =o / n (i?;I), 
Rx = R/I(R;T). 

Then I(R;T) is a homogeneous ideal of R. Let IHI^) be the quotient norm of (Rj) n 
induced by R n -» (Rx) n and the norm ||-|| of R n . Let Y be an arithmetic sub variety of 
X, that is, Y is an integral closed subscheme flat over Z, and Xy the defining ideal sheaf 
of Y. Then, for simplicity, Rx Y , ||-||# x , (Ry)n, and ||-||( fly ) are denoted by Ry, W'Wy> 
Ry : n and |H|y„ respectively. Note that 

iW H°{X, nL)/H°(X, nL <Z> Xyf ^ H°(Y, nL\ Y ). 

Thus Ry is a graded subring of L\ Y and 

Ry n Image(i?„ -> H°(F, ni| y )). 

In particular, iZy is an integral domain. We denote the set of all arithmetic subvarieties of 
X by Yjx ■ The following theorem is the technical main theorem of this paper. 

Theorem 3.1. Let v : — > R >0 be a map. For (R, || ■ ||) and v, we assume the following: 
(1) Rq is noetherian. 
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(2) For each Y G Ex, there is uq G Z>o such that (Ry,ti)<q — H° [Yq, nLq\ Y ^J for 
all n > tiq. 

(3) For eac/z V G Ex. f/zere are ni G Z>o anrf s G Ry.-nt \ {0} wtt ||s|[y j7ll < 
v{Y) ni . 

Then there are B G R>o and a finite subset S ofSx such that 

Xq(Rn, ll-IU < B« d( "- 1)/2 (max{t;(r) | Y G 5})" 

/or aZZ n > 1. 

Proof. This theorem can be proved by similar techniques as in [7 , Theorem (4.2)]. Let 
£> G Ex and vd — v\ s , where Ezj is the set of all arithmetic subvarieties of D. Note 
that the conditions (1), (2) and (3) also hold for (Rd, \\'\\r>) anc ^ v d- Let us begin with the 
following claim. 

Claim 3.1.1. We may assume that there is a non-zero s G Ri with ||s||i < v(X). 

We choose a positive integer m and a non-zero section s G R m with ||s|| m < v(X) m . 
Clearly the assumptions (1) and (2) of the theorem hold for R^ m > — ®^L R m n- For Y G 
Ex, we choose a positive integer n\ and a non-zero t G i?y,ni with ||i||y,ni < v(Y) ni . 
Then i m G R Y , mni \ {0} and 

\\t m \W, m m < (\\t\\Y, ni ) m < (v(Y) m ) ni - 

Thus {R( m \ |H| ) and u m satisfy the assumption (3) of the theorem. Therefore, if the 
theorem holds for (i?( m ) , || • || < -™ l - ) ) and v m , then there are B G M>o and a finite subset S of 
Ex such that 

*®(R nm , ll-IU) < Sn d(rf - 1)/2 (max^Y)™ | F G 5})" 

for all n > 1. On the other hand, by Lemma l2~4l Rq is a finitely generated i?^ 71 ' -module. 
Thus, by Lemma [2~2l there is B' G M.>o such that 

\ Q (Rn, ll-IU) < B'n^ 1 )/ 2 (maxMrr I Y £ S}f /m 
for all n > 1. Therefore the claim follows. □ 

Claim 3.1.2. The assertion of the theorem holds if d = 1. 
Since R n — R n +i is injective, 

rki?x < ■ ■ • < rki?„ < rki?, i+1 < • • • < rkL. 

Thus there is a positive integer no such that R no -^-> R na +n yields an isomorphism over 
Q. Hence, by (1) in Lemma fOl 

^(iZn+no, IHUJ ^ Ik 1 1 ? Aq (i?^ , ||-|| no ) < v(X) n \ Q (R no , || ■ ||„ o ), 

as required. □ 

We prove the theorem on induction of d. By Claim 13.1.21 we have done in the case 
d = 1. Thus we assume d > 1. Let X be the ideal sheaf of Ox given by 



J = Image (l- 1 ^ O x 
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Claim 3.1.3. There is a sequence 

Io = Ici 1 c...c l m = Ox 

of ideal sheaves and proper integral subschemes D\, . . . , D m of X such thatX]j r ■ X r C 
I r -l for all r = 1, . . . , m, where X]j r is the defining ideal sheaf of D r . 

It is standard. For example, we can show it by using ||2l Chapter 1, Proposition 7.4]. □ 

Let us fix a positive integer n\ such that (R n )q = H°(Xq, nLq) for all n > n\. We 

set 

Rn = (R n , ll-IIJ and I n (R;l r ) = (I n (R;l r ), ||-||„ >r ), 

where \\-\\ n r = \\-\\ n j n ( R; i r )^ Rn - Note that R n = l n (R;I m ). We would like to apply 

Proposition ! 1.4l to 

(3.L4) 

Rm — ► Irn+i{R',Zo) I ni +i(R;X r ) <— ►•..<^-> I ni+ i(R;X m ) 

— * Ini+2(R',1a) I ni J r 2{R;X r ) <—> ■ ■ ■ > I ni+ 2(R;l m ) 

I n {R',Zo) <—*■■•<—* I n (R;X r ) • • • <^-» I n (R;T m ). 

For this purpose, let us observe the following claim. 

Claim 3.1.5. (a) Let |H| nT . quot the quotient norm of I n (R;T r ) / I n (R;2 r ^i) in- 
duced by I n {R;l r ) -» I n (R;l r ) / I n (R;l r -i) and \\-\\ n r ofI n (R;2 r ). Then, for 
each 1 < r < m, there are B r G K>o and a finite subset S r ofYix such that 

\ Q (l n {R;l r )/I n {R;lr-i), IHU quot ) 

< B r n (d -V (d - 2 ^ 2 (max{v(Y) | Y £ S r }) n . 

for all n > 1. 

(b) If we set 

e„, r = max{l,rk(/„(i?; J r )//„(i?;X r _i))}, 
f/;en f/;ere is Ci € R>o such that e n/ < C\n d ~ 2 for all n > 1 ant/ r = 1, . . . , m. 

(c) rk(7„(i?;2o)AR™-is) = 0/or atf n'> m + 1. 

(a) If D r is vertical, then I n (R;T r ) / I n (R;X r ^i) is a torsion module for all n > 0. 
Thus the assertion is obvious. In this case, we can set S r = {X} and B r = 1. Otherwise, 
since I(R;2£> r ) ■ I(R\I r ) C I{R;I r _x), the assertion follows from Proposition ^. 31 and 
the hypothesis of induction. 

(b) Note that I n (R;I r )/I n (R;l r _i) ^ H°(D r ,nL ®l r /l r -i). 

(c) It follows from 

(Rn-i)qs = H°(X q , (n - l)L Q )s = H°(X Q , (nL®T) q ) = I n {R;l)q. 

□ 

Using (c) in Claim l3"T31 and applying Proposition ! 1.4l to ( 13.1.4b . we obtain 

Aq^JI-IIJ 

n / in \ 
i=ni+l \r=l / 

+ ||.s|ir" 1 A( J R„ 1 ,||-|| ni )rk( J R„ 1 ) 
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for n > ni + 1. Hence, if we set S = Si U • • • U S r U {X}, then, using (a) and (b) in 
Claim [3~T31 the theorem follows. ■ 

For homogeneous elements si, . . . , si of R, we define Bsq(si, . . . , s;) to be 
Bsq(si, . . . ,si) = {x e Xq I si(x) = ■ ■ ■ = si(x) = 0}. 
As an application of Theorem l3.11 we have the following theorem. 

Theorem 3.2. If Rq is noetherian and there are homogeneous elements s%, . . . ,si G R 
of positive degree such that Bsq(si, . . . , s/) = 0, then there is a positive constant B such 
that 

Xq(Rn, ll-IIJ < Bn^-V/ 2 (max{|| Sl || 1 /dcg( Sl ) j ... ? | N |i/dc g(s; ) j)" ) 
for all n > 1. 

Proof. Let us begin with the following claim: 

Claim 3.2.1. We may assume that R is generated by R\ over Rq and that si, . . . , s; G 

Since Rq is noetherian, there are homogeneous elements x\ , . . . , x r G Rq such that 
-Rq = (Rq)q[xi, . . . ,x r ] (cf. H] Chap. Ill, § 1, n° 2, Corollaire]). Replacing Xi with mi; 
(to G Z>o), we may assume that Xi £ R for all i. We set 

R' = Rq[x\, ...,X r ,Si,.. .,8l] 

in R. Then Rq — Rq. As R n /R' n is a torsion module, by (1) in Lemma [T31 we have 
Aq)(i?n, IHL) — ^o(^n) II 'ID f° r a H " > 0. Thus we may assume that R is noetherian. 
Therefore, there is a positive integer h such that R^ h ' is generated by Rh over Rq (cf. |T| 
Chap. Ill, § 1, n° 3, Proposition 3]). Letting be the degree of Si, we set a = a% ■ ■ ■ ai 

and s£ = s^ ai a '- iaz+1 a ' f or eac h j. Then s' l7 . . . , s[ G i? a /i and 



, i , .. . , MO < (max {|| Sl || 1/d ° s(si \ . . . , |H| 1/dcs(Si) }) a ' 1 



Moreover, is generated by R a h over i?o- Thus, as in Claim lXTTTl by Lemma l2~2l and 
Lemma l2~4l we have the assertion. □ 



Claim 3.2.2. We may assume that R\ is base point free, that is, R\®Ox — * L is surjective. 
Let X be the ideal sheaf of X given by 

Image(i?i <g> O x -► L) = I ■ L. 
Let n : X' — * X be the blowing-up with respect to X. Then X ■ Ox 1 is invertible. Let 
t be the canonical section of of (X ■ 0x') _1 > that is, Qx>{— div(i)) = X ■ Ox>, and let 
V = X ■ n*(L). Then, as {(Ri) n ) Ro = R n , for s G R n , 

S := fi*(s) ®t -n G H°(X',nL'). 
It is easy to see the following properties: 

{si + s 2 = si + S2, as — as (s 1: s 2 , s G R n , a G Z), 
sT^ = si ■ (si G i?„, s 2 G i?„'). 

Let /3„ : i?„ — > H°(X' ,nL') be the homomorphism given by /3 n (s) = s, and i?^ = 
Pn{Rn)- Then, by the above properties, 

oo oo oo 

n— n— n— 
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yields a ring isomorphism. Let ||-||', be the norm of (R' n )m given by ||/9n(s)||^ = ||s|| n for 
s £ (i?nV Then 

ll/3n(s)/V( S ')li;+n< = \Wn + n>(ss')\\' n+n , = \\ss'\\ n+n , 

< MnWAln' = \\Pn(s)\Wn>(s')\\' n , 

for all s £ (Rn)u and £ (Rn')R- Thus ©^L /3 extends to a ring isometry 

oo oo 

0(«n,||-|ln)^®«>H-|D 

n=0 n=0 

as normed graded rings over Z. Note that R[ (g> Ox f —> L' is surjective. Hence the claim 
follows. □ 

Claim 3.2.3. We may assume that L is very ample and R n — H°(X, nL)for n» 1. 
By ClaimEU 

(OO \ oo 

0i? n ®Ox^($nL 
n=0 J n=Q 

is surjective, which gives rise to a morphism 

<f>:X ■/.: Proj (0i4 J 

such that 4>*(Oz(l)) — L. Note that Z is a projective arithmetic variety. Moreover, there 
is a natural injective homomorphism a n : R n — > H Q (Z, Oz{n)) such that </>*(a n (s)) = s 
for all s £ R n , where 0* is the natural homomorphism H Q (Z, Oz{n))) —* H°(X, nL). 
If we set i?" = a n (R n ), then ©^1 a n yields to a ring isomorphism 

-Rn ► R'n, 



n=0 n=0 

so that, as in Claim [372721 there are norms ||-|| , . . . , |H| n , ... of Rq, . . . , R^, ■ ■ ■ such that 



0OR», ll-IIJ ^0«,IHO 

n=0 n=0 

as normed graded rings over Z. Moreover, if we set s" = ct\ (sj), then <p* (s'[) = Sj. There- 
fore, Bsq(s", . . . , s'{) = on Zq. Further, it is well known that a n is an isomorphism for 
n ^> 1 (cf. O the proof of Theorem 5.19 and Remark 5.19.2 in Chapter II]). Hence the 
claim follows. □ 

Gathering the assertions of Claim [372711 and Claim [3T2T3l to prove the corollary, we may 
assume the following: 

(a) si, ...,si 6 -Ri andBs Q (si, . . .,s{) = 0. 

(b) L is very ample. 

(c) Rn = H°(X, nL) for n > 1. 

Let f : — > M>o be the constant map given by 

u(y)=max{||ai||i,... > ||ai||i} 

for Y £ T,x- Then (R, ||-||) and v satisfy the conditions (1), (2) and (3) of Theorem 13. II 
Hence the corollary follows. ■ 
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Corollary 3.3. Let L be a continuous hermitian invertible sheaf on X. If there are a 
positive integer uq and Si, . . . , S; G H°(X, UqL) such that Bsq(si, . . . , si) — 0, then 
there is B G M>o such that 

X Q (H°(X, nL), |H| sup ) < Bn^-W (max{|| Sl || sup , . . . , || Si ||s U p}) n/ "° 
for all n > 1. 

Proof. By Theorem l3.2l it is sufficient to show the following lemma. ■ 



Lemma 3.4. Let X be a projective variety over afield k and L an invertible sheaf on X. If 
there is a positive integer m such that mL is base point free, then R = H (X, nL) 

is noetherian. 

Proof. Since mL is base point free, there are a projective variety Z, an ample invertible 
sheaf A on Z and a morphism <\> : X — > Z such that <f>* (A) — mL. As A is ample, it is 
well known that if F is a coherent sheaf on Z, then R' = (J)^ H°(Z, I A) is noetherian 
and 0^ o H°(Z, I A ® F) is a finitely generated i?'-module. Note that 

oo m— 1 / oo \ 

R = H°(X, nL) = H°(X, (Im + r)L) 

m— 1 / oo \ 

= 0^°(^,M®^(rL)) . 
r=0 \;=o / 

Therefore i? is noetherian because R is a finitely generated i?'-module. ■ 

Remark 3.5. Theorem [A] and Corollary [B] in the introduction are consequences of Theo- 
rem |3.2| and Corollary 13 . 3 [ respectively together with Lemma [TT2l The following examples 
show that base point freeness by strictly small sections is substantially crucial. 

Example 3.6. Let f\ = Proj(Z[Jf , Y]) be the projective line over Z and 0(1) the tauto- 
logical invertible sheaf on P|. Then i?°(P|, 0(d)) is naturally identified with Z[X, Y] d . 
Let/3,7 S (0, 1)(= {x G R | < x < 1}) and a := /^-(Vr) > 1. For each d > 0, we 
give a continuous metric | • \d of 0(d) as follows: for (x : y) E F^(C) and s G C[X, Y]d, 

iii- \ \s(x,y)\ 
\s\d(x : y) = j. 

(max{a|x|,^|j/|}) 

We set O(d) = (O(d), \ ■ \ d ). Note that 0(d) = 0(l)® d . Here we have the following: 

(3.6.1) ({a G H°(X, 0(d)) | ||s|| sup < l}) % = UPY*^, 

d"y<.i<.d 

(3.6.2) ({a G H°(X, 0(d)) \ \\s\\ sup < l}) % = ZX l Y d -\ 

d i y<i<d 



Proof. Indeed, by a straightforward calculation, 



FREE BASIS CONSISTING OF STRICTLY SMALL SECTIONS 



13 



for < i < d. Thus X l Y 1 is a strictly small section for i with d-y < i < d because 
a tpd-i > l Qn the Qther hand> for s = j2^ =Q ai X l Y d - 1 G C[X, Y] d , we can see 

||s|| SU p > sup||s|d(z : 1) | \z\ = ^ j = ^sup||s(z,l)| | \z\ = ^ j 



> 



(3 



s I I — I e 

a 



dO 



i+j 



Thus, if s = J^f=o a iX l Y d 1 G Z[X, Y]d is a strictly small section, then a 3 = for j 
with < j < dj because a 3 (3 d ~ J < 1. These observations yield ( 13.6. 11 1. Similarly we 
obtain ( |3TF!2T >. ■ 



Example 3.7. Let P| = Proj(ZLY, Y", Z]) be the projective plane over Z and 0(1) the 
tautological invertible sheaf on P|. Let A be the arithmetic sub variety of P| given by 
the homogeneous ideal YZ[X, Y, Z] + ZZ[X, Y, Z\. Let fi : X -> P| be the blowing- 
up along A and E the exceptional divisor of /i. Note that is a Cartier divisor. We set 
L = /i*(0(l)) + O x (E) and R = 0^ =Q H°(X, nL). Since /i,(ni) = 0(n) for all 
n G Z>o, the natural ring homomorphism 

oo 

M * :0ff°(P|,O(n))— >J2 

n=0 

yields a ring isomorphism, and 

s(x) = for all s G i?°(X, nL)} = E 

for n G Z>o- Here we give a metric | • \fs of 0(1) in the following way: for s G 

#°(P&, 0(1)) = C[X, Y, Z]i and (a; : y : z) G P 2 (C), 

I,/ \ |s(a;,2/,z) 

s m i : y : z) = — , 

We set 6(n) = (6(1), \ ■ \ F s)® n - Then it is easy to check that \\X l Y 3 Z k || sup < 1 for all 
n > and i, j, k G Z>o with i + j + k = n. Let t be the canonical section of Ox (E). We 
choose a C°°-metric | • \e of Ox(E) such that ||t|| S up < 1, and set 

L = ^(6(l)) + (Ox(E),\-\ E ). 

Then H/^pPl^Z*) ®i|| sup < 1 for all n > Oandi, j, A: G Z> with i + j + fc = n. As a 
consequence, R n has non-empty base loci, but possesses a free basis consisting of strictly 
small sections. However, in this example, the free basis comes from the base point free 
Z-module J ff°(P|,C(n)). 
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4. Variants of arithmetic Nakai-Moishezon's criterion 

Let X be a projective arithmetic variety and Y an arithmetic subvariety of X. Let L be 
a continuous hermitian invertible sheaf on X. We denote 

Image(F°(X,L) F°(Y, 

by H°(X\Y, L). Let || • ||*[f quo t be the the quotient norm of H°(X\Y, L) ® z M induced 
by 

H°(X, L)0il^ H°(X\Y, L) ® z R 
and the norm || • || sup on H°(X, L) ® z R. As in Q], we define vol quot (X|Y, L) to be 

~ _ log#{* G ff°(X|y,mi) | |Ml3f quot < 1} 

vol quot (X|r,i) := tap wdimy/(dimy) , ■ 

Then we have the following variants of arithmetic Nakai-Moishezon's criterion. Theo- 
rem [4j2] is a slight generalization of the original criterion due to Zhang [7], that is, we do 
not assume that Lq is ample. 

Theorem 4.1. /f vol quo t(X|Y, L) > for all arithmetic subvarieties Y of X, then Lq is 
ample and there is a positive integer no such that, for all n > no, H (X, nL) has a free 
TL-basis consisting of strictly small sections. 

Proof. First of all, note that 

wl {Y, L\ y ) > w\ quot (X\Y,L) > 

for all arithmetic subvarieties Y of X. In particular, by J5J Corollary 2.4] or (3, Theo- 
rem 4.6], Lq\ y is big. Thus, by algebraic Nakai-Moishezon's criterion, Lq is ample. Let 
us consider a normed graded ring 

(R, INI) = (H°(X,nL),\\-\\ snp ). 

n£Z> 

As Lq is ample, R satisfies the conditions (1) and (2) of Theorem 13. II Moreover, if we 
take a sufficiently small positive number e, then 

TOl quot (X|r,L-G(e)) >0 

by ||4] (2) in Proposition 6.1], which means that we can choose a map v : Sx — ► R>o such 
that v(Y) < 1 for all Y eT, x and the condition (3) of Theorem|3j]holds for (R, ||-||) and 
v. Thus the last assertion follows. ■ 

Theorem 4.2. We assume that X is generically smooth, the metric of L is C°°, L is nefon 
every fiber of X — > Spec(Z) and that the first Chernform c\ (L) is semipositive on X(C). 
If deg ((ci(L)\ Y ) d,mY ) > for all arithmetic subvarieties Y of X, then Lq is ample 
and there is a positive integer no such that, for all n > no, H (X, nL) has a free TL-basis 
consisting of strictly small sections. 

Proof. By virtue of the Generalized Hodge index theorem [3] Theorem 6.2], 

vd(F,Ly ^((c^L)^)* 1 ^) >0. 
Thus Lq is ample as in the proof of Theorem l4. 1 1 In particular, if we set 

(R,\\-\\) = @(H°(X,nL),\\.l up ), 

n>0 
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then R satisfies the conditions (1) and (2) of Theorem 13. II As vol (Y, > 0, we 

can find a non-zero strictly small section s of n\L\ y for some positive integer n\. By [7, 
Theorem 3.3 and Theorem 3.5], there are a positive integer ri2 ands' e H°(X, n2niZ/)<g)R 
with s'\ Y — s®" 2 and ||s'|| sup < 1. Thus a map v : Ex — ► R>o given by 

"CO = (Iklsup) 1 ^ 1 " 2 
satisfies the condition (3) of Theorem l3.ll Hence the theorem follows from Theorem l3.ll 



References 

[1] N. Bourbaki, Elements de Mathematique, Algebre commutative. 

[2] R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, No. 52. Springer, New York, (1977). 

[3] A. Moriwaki, Continuity of volumes on arithmetic varieties, J. of Algebraic geometry, to appear. 

[4] A. Moriwaki, Estimation of arithmetic linear series, preprint larXiv:0902.1357i. 

[5] X. Yuan, Big line bundles over arithmetic varieties, Invent. Math. 173 (2008), 603-649. 

[6] S. Zhang, Positive line bundles on arithmetic surfaces, Ann. of Math. 136 (1992), 569-587. 

[7] S. Zhang, Positive line bundles on arithmetic varieties, J. Amer. Math. Soc. 8 (1995), 187-221. 

Department of Mathematics, Faculty of Science, Kyoto University, Kyoto, 606-8502, 
Japan 

E-mail address: moriwaki@math . kyoto-u . ac . jp 



